Abstract. In this paper we study the associated flow of some factors arising as fixed point algebras under product type actions on ITPFI factors. We compute their associated flow and show that under certain conditions these flows are approximately transitive and consequently the corresponding fixed point factors are ITPFI.
Introduction
A well known result of Krieger [12] says that the flow of weights considered as a map between the isomorphism classes of approximately finite dimensional (AFD) factors of type III 0 to the conjugacy classes of properly ergodic flows is one to one and onto. We recall that with any countable equivalence relation R we can associate a von Neumann algebra M(R), via Feldman-Moore construction [4, 5] , and there is a bijective correpondence between the isomorphism classes of AFD factors and the orbit equivalence classes of hyperfinite equivalence relations. If R is a hyperfinite equivalence relation of type III then the flow of weights of M(R) is (up to conjugacy) the associated flow of R.
Approximate transitivity (abbreviated AT) is a property of ergodic actions introduced by Connes and Woods in [3] , which characterize the Araki-Woods (or ITPFI) factors among the AFD factors. They prove that an AFD factor of type III 0 is ITPFI if and only if its flow of weights is AT. Equivalently this result says that a group of ergodic automorphism is orbit equivalent to a product type odomoter if and only if its associated flow is AT. A measure theoretical proof of this result was given in [9] .
We recall that an action α of a Borel group G on a measure space (X, ν) is approximately transitive if given n < ∞, functions f 1 , f 2 , . . . , f n ∈ L 1 + (X, ν) and ε > 0, there exists a function f ∈ L 1 + (X, ν), elements g 1 , . . . , g m ∈ G for some m < ∞, and λ j,k ≥ 0, for k = 1, 2, . . . , m and j = 1, 2, . . . , n such that
. . , n.
In [6] , Giordano and Handelman came up with a different approach for studying dynamical systems. They used matrix valued random walks and their Poisson boundary to deal with measure theoretical classification problems. In particular they reformulated approximate transitivity in terms of matrix valued random walks and proved that a fixed point factor under an involutory automorphism acting on a bounded ITPFI factor yields an ITPFI factor. They also managed to provide an interesting example of an ergodic AT(2) nonsingular transformation which is not AT.
In this paper we study the flow of weights of factors arising as fixed point algebras under product type actions of finite groups on Araki-Woods factors. By imposing certain conditions, we obtain a concrete description of their associated flow.
In Section 2 we consider an action of Z 3 on an ITPFI 2 factor, we compute the associated flow and prove that it is approximately transitive. The same methods can be applied for product type actions of other finite groups on bounded Araki-Woods factors. In Section 3, we construct a family of fixed point factors arising as fixed point algebras under product type actions of Z n which are ITPFI factors and their flow of weights are built under constant functions and have aproduct type odometers as base transformations.
The methods developed in [6] are quite efficient in the study of ergodic transformation. Applying these techniques to study the the associated flow of the factors considered in this paper, may lead to a better understanding of the way in which the properties of ergodic transformations are translated in terms of random walks.
Fixed point subfactors of bounded Araki-Woods factors
We recall that an ITPFI factor is said to be of bounded type if it can written as an infinite tensor product of full matrix algebras of uniformly bounded size. It is proved in [7] that any factor of bounded type is an ITPFI 2 factor. In this section we analyze in details the flow of weights of factors obtained as fixed point algebras under product type action of Z 3 on ITPFI 2 factors. The same methods can be used when we deal with product actions of other finite groups, but the computations may be more difficult.
Let (l n ) n≥1 be an increasing sequence of positive integers, (λ n ) n≥1 a sequence of positive real numbers decreasing to zero such that l 1 = 1,
and there exists ǫ 0 > 0 such that 
The first condition will ensure that N is a factor of type III (see [12] ). The second condition is a noninteractive one that will allow us to give an explicit description of the flow of weights of N. We will, prove the following result:
Theorem 2.1. The flow of weights of N is AT and N is an ITPFI factor.
We proceed now to the computation of the flow of weights of N. Let us consider the product space X = n≥1 {0, 1} endowed with the product measure ν = ⊗ n≥1 ν . We recall that tail equivalence relation on (X, ν), denoted by T , is defined for x = (x k ) k≥1 and y = (y i ) i≥1 by xT y if and only if there exist m ≥ 1 such that
It is well known that M can be identified with M(T ), the von Neumann algebra associated to the tail equivalence relation via the Feldmann-Moore construction. Let R be the hyperfinite equivalence relation on (X, ν), given by xRy if and only if there exist xT y and
Following [13] the fixed point algebra N is isomorphic to M(R), the von Neumann algebra corresponding to R. Since M(T ) is of type III 0 , the assymptotic ratio set of T is {0, 1}. Then, as R is a type III subequivalence relation of T (because N is a factor of type III) it follows that R and the corresponding factor N are of type III 0 .
Thus, the flow of weights of N is (up to conjugacy) the associated flow of the equivalence relation R. This is given by the action of R by translation on X × R/ R (the quotient stands for ergodic decomposition), where R is the equivalence relation on (X × R, ν × m) defined by (x, t) R(y, s) if a nd only if xRy and s = t − log δ(x, y), where δ(x, y) is the Radon-Nicodym cocycle of ν with respect to R and m is a finite measure on R equivalent to the Lebesgue measure.
Let X = n≥1 X n , where X 1 = {0, 1, 2}, and X n = {0, 1, . . . , 2l n }, n ≥ 2 with the product measure ν = ⊗ ν n where, for n ≥ 2,
Notice that (X, ν) can be naturally identified with the product space n≥1 (X n , ν n ). Let S n be the equivalence relation on (X n , ν n ) defined by xS n y if and only if ν n (x) = ν n (y). It is then easy to see that (X n , ν n )/S \ = ( X n , ν n ) where the
We further consider the equivalence relation S on (X, ν) given by xSy if and only if xRy and log δ(x, y) = 0.
Clearly S is a subequivalence relation of R. If x = (x n ) n≥1 , y = (y n ) n≥1 ∈ X = n≥1 X n , it is easy to see from that xSy if and only if x n S n y n for all n ≥ 1.
and therefore (see for example [14]) we have
The quotient map π : X → X is given for
Notice that by (2), the measure ν is lacunary. For x ∈ X let ξ(x) = min{log δ(y, x); (y, x) ∈ R, log δ(y, x) > 0}
Since ξ(x) = ξ(y) if xSy we can regard ξ as a function on the quotient space X. We get an ergodic automorphism T defined on X by setting T (π(x)) = π(x ′ ) where xRx ′ and
and denote by µ the restriction of the product measure ν ⊗ λ, where λ is the Lebesgue measure on R. Then, the associated flow {F s } s∈R of R is the flow built under the ceiling function ξ with base automorphism T (see for example [10] or [11] ), that is {F s } s∈R is defined on (Ω, µ) as follows:
Proof. Lat us assume first that s = log δ(x ′ , x) is positive. Since the measure ν is lacunary, there exist finitely many values, say n, of log δ(z, x) between 0 and log δ(x ′ , x). Corresponding to these distinct values we can find x 1 , x 2 , . . . , x n in the R-orbit of x such that 0 < log δ(
Notice that if z = (z 1 , z 2 , . . . z m , z m+1 . . .) and for some n ∈ Z, T n (z) = z ′ with
.
The following proposition] is immediate consequence of the above remark and Lemma 2.2.
) and
Let n > 1. Let us introduce some notations. If a i ∈ X i for i = 1, 2, . . . , n let C(a 1 , a 2 , . . . , a n ) = {y ∈ X : y i = a i , i = 1, 2, . . . , n}.
In praticular we define
and for a ∈ {1, 2} C(a, 0 n−1 ) = {y ∈ X : y 1 = a, y i = 0, i = 2, 3, . . . , n}.
Let R[X n+1 , X n+2 , . . . , X m ] be the ring of polynomials in X n+1 , X n+2 , . . . , X m with real coefficients. For a polynomial P = a i n+1 ,i n+2 ,...,im X
It is easy to see that P → P defines a norm and if P and Q are two polynomials from (p n+1 , p n+1 , . . . , p m ) ∈ P m . Let ǫ be the primitive 3rd root of unity.
With this notation, we have
Notice that
Note that if p n+1 + p n+2 + · · · + p m = 0 (mod 3) then
and if if p n+1 + p n+2 + · · · + p m = 2 (mod 3) we have
Then, by (4) - (7) it foloows that for m −→ ∞ we have
For k = (k n+1 , . . . , k m ) ∈ I m , we set
and if a = (a 1 , a 2 , . . . , a n ) define r(a) ∈ {0, 1, 2} by
and
For a = (a 1 , a 2 , . . . , a n ) and
Let a = (a 1 , a 2 , . . . , a n ) with r(a) = 2, j ∈ I m , k = I m 1 and z ∈ C(0 n , j). Let z ′ ∈ C(a, j + k) and such that z
Thus for k ∈ P m 1 we have
and by Proposition 2.3
Let n > 2 and 0 < δ < ǫ 0 (such that X × [0, δ] ⊆ Ω). We define
Similar inequalities can be obtained if r(a) ∈ {0, 1}. Let ε > 0. Then, by (8)- (13), we can choose m large enough such that for every a = (a 1 , a 2 , . . . , a n ) we have
where s ∈ {0, 1, 2} satisfies r(a) + s = 0 (mod 3). Since any function from L 1 + (Ω, µ) function can be approximated arbitrary closed by linear combinations of funtions of the form χ C(a)×[t,t+δ it follows that the associated flow is AT.
Remark 2.4. The result remains true for other abelian groups acting by diagonal xerox type actions on bounded Araki-Woods factors, but the computations may become more complicated. For fixed point factors under actions of infinite groups the problem is more difficult. If lim n→ l n λ n = ∞ it was proved in [1] that the natural action of S ∞ (the group of finite permutations of N) on (X, ν) and the associated flow of S ∞ are AT. This result implies that the fixed point algebra under the standard action of the torus is an ITPFI factor. In the absence of the assumption that lim n→ l n λ n = ∞ we don't know the answer.
A fanily of factors arising as fixed point factors under Z n actions
In this section we construct a family of fixed point factors under actions of Z n which are ITPFI factors and their associated flows are (up to conjugacy) built under constant functions and have product type odometers as base transformations. We recall that, in general, a factor arising as fixed point algebra under a product type action may not be ITPFI factor. In [6] it is given an example of a fixed point factor under an involutory automorphism on an unbounded ITPFI which is not an ITPFI factor.
Let us consider two positive integers λ, k ≥ 2. For n ≥ 1, let r n = λ (k+1) n . Define k 0 = k and for n ≥ 1 let k n = r n + r 2 n + · · · r k n . On M kn (C) consider the diagonal states ϕ n (·) =tr(a n ·),
. Consider the ITPFI factor M = ⊗ n≥0 (M kn (C), ϕ n ) and the primitive root of unity ǫ = e 2πi/n . On M we act by the product action of Z k corresponding to the automorphism
Ad u n of order k, where
and, for n ≥ 1,
We denote by N the fixed point von Neumann algebra under this action. On the product space X = n≥0 {0, 1, , . . . , k n } we consider the product measure ν = ⊗ n≥0 ν n defined by ν n (i) = a n i+1,i+1 for 0 ≤ i ≤ k n and n ≥ 0. For n ≥ 1, divide X n = {0, 1, . . . , k n } in subsets I j n , where
Let now Z = n≥0 Z n , where Z 0 = {0, 1, . . . , k − 1} and Z n = {0, 1, . . . , k} for n ≥ 1 endowed with the product measure µ = ⊗ n≥1 µ n , where
where z 1 = x 1 and for n ≥ 2, z n = j if x ∈ I j n . Let R be the equivalence relation on X given by xRy if and only if xT y and
where T is the tail equivalence on X. Then, proceeding as in [8] , we can show that N is isomorphic to M(R).
(z, w) ∈ A n for infinitely many n. But if (z, w) ∈ A n there exists j ∈ {1, 2, . . . , k} such that kn+i j=1 (z j − w j ) = 0 (mod 3). Therefore for µ × µ -almost all (z, w), there are infinitely
a.e. (x, y) ∈ X × X, there are infinitely many n such that
By using the same type arguments as in [13] it follows that R is ergodic and of type III and therefore N is factor of type III. We compute the flow of weights of N and show that it is approximately transitive. In fact we prove more then this: Theorem 3.1. The flow of weights of N is, up to conjugacy, the flow built under the constant function log λ and has as base transformation the measure preserving product odometer defined on Z = n≥0 Z n , where Z 0 = {0, 1, . . . , k − 1} and Z n = {0, 1, . . . , k} for n ≥ 1.
Proof. Let S be the measure preserving automorphism defined on (Z, µ) by S(a, k, k, k where N(z) = min{n ≥ 1; z n < k} and a z ∈ {0, 1, . . . , k − 1} satisfies a z = z 0 + z 1 + z 2 + · · · + z N (z)−1 − 1 (mod k). Then, proceeding as in Section 2, it follows that, up to conjugacy, the associated flow of R is the flow built under the constant function log λ with base transformation S. Notice that for n ≥ 0 we have S(C(a, k, k, k, . . . , k for i = 0, 1, . . . , k · (k + 1) n−1 − 1 and n ≥ 0.
It then follows (see for example [2] ), that S is conjugate to the product odometer defined on (Z, µ) and therefore is AT. This implies that the associated flow of R is AT and consequently, N is an ITPFI factor.
